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Photonic structures with topologically nontrivial bands are usually designed by arranging sim-
ple meta-atoms, ideally, single-mode ones, in a carefully designed photonic lattice with symmetry
that guarantees the emergence of topological states. Here we investigate an alternative option that
does not require complex lattice geometry but instead relies on the tuning of the parameters of
the individual meta-atoms to achieve the degeneracy of the modes with different symmetry. As an
illustrative example, we consider a one-dimensional array of equidistant identical periodic nanopho-
tonic waveguides supporting degenerate modes with strongly asymmetric near field profiles giving
rise to the coupling modulation. Exploiting this feature, we demonstrate that the proposed system
supports topological edge modes and can be viewed as a generalization of the paradigmatic Su-
Schrieffer-Heeger model, reducing to it for the suitable parameter choice. Our results thus provide
an avenue to engineer topological states via mode interference which further expands the plethora
of topological structures available in photonics being especially promising for nonlinear topological
systems.
Introduction – Photonic topological structures fea-
ture a variety of striking physical properties, one-way
disorder-robust propagation being the primary exam-
ple [1–4]. Inherent robustness of electromagnetic topo-
logical modes to defects and imperfections holds further
promises for topologically protected reflectionless waveg-
uide bends, circulators and other on-chip photonic topo-
logical circuitry [5].
To achieve such exciting functionalities at optical wave-
lengths, it has been proposed to utilize the arrays of
laser-written optical waveguides [6]. In many cases, when
the interaction of the nearest neighbors plays the dom-
inant role, such arrays are well-described by the elec-
tromagnetic analogue of tight-binding model [7], where
the coupling constant is determined by the overlap of the
evanescent tails of waveguide modes. Furthermore, in the
paraxial regime, waveguide lattices serve as simulators of
quantum physics since the coordinate along the waveg-
uide axis corresponds to time variable in Schro¨dinger
equation, the propagation constant plays the role of en-
ergy, while the refractive index modulation is analogous
to the external potential [8].
Such waveguide systems enabled straightforward re-
alization of the variety of topological systems including
one-dimensional Su-Schrieffer-Heeger model [9 and 10]
[Fig. 1(a-c)], “photonic graphene” [11], photonic ana-
logue of quantum Hall effect [8], optical realization of
Weyl points [12] and higher-order topological phases [13].
Quite interestingly, in all these situations the waveg-
uides are considered as single-mode ones, and the topo-
logical properties of the bands are largely governed by the
chosen lattice geometry. At the same time, the topologi-
cal physics of the arrays of interacting multimode waveg-
uides or meta-atoms remains vastly unexplored with only
few first studies available currently [14 and 15].
In this Rapid Communication, we exploit this degree of
freedom, studying the waveguides with two nearly degen-
erate modes in the frequency range of interest. Taking
linear combinations of these modes, we recover strongly
asymmetric near field distributions which give rise to
the coupling modulation in the array as illustrated in
Fig. 1(d-f). We find out that as a consequence of this, the
lattice of such two-mode waveguides can support topo-
logical states.
As a simple but illuminating example, we analyze an
equidistant array of two-mode waveguides and demon-
strate the existence of topological edge states at both
edges of the array simultaneously. Furthermore, as we
prove, the physics of the array is governed by the well-
celebrated Su-Scherieffer-Heeger model (SSH) [16] under
the suitable parameter choice. Note that previously SSH
model has been realized in waveguide arrays by creat-
ing a lattice with two alternating distances between the
neighboring waveguides [9, 17–19].
While in the linear case our approach provides just an
alternative to the commonly accepted one based on lat-
tice engineering, its advantages become more evident in
the nonlinear regime. Indeed, on-site nonlinearities are
relatively easy to control even at optical wavelengths,
whereas the control over the coupling constants is highly
challenging. Currently, tunable nonlinear couplings are
only achieved at microwave frequencies via nonlinear var-
actor diode insertions [20–23]. Therefore, we expect our
proposal not only to enrich the variety of photonic topo-
logical structures operating in the linear regime but also
to bring conceptual advances in the design of nonlinear
topological systems operating at optical frequencies [24].
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FIG. 1. (a-c) Conventional design of the Su-Schrieffer-Heeger (SSH) model based on single-mode waveguides. Weak and strong
coupling is achieved by increasing (a) or decreasing (b) the distance between the waveguides, respectively. The unit cell of the
lattice (c) contains two waveguides. (d-f) Proposed realization of SSH model based on two-mode waveguides. Asymmetry of
the field distribution allows to tailor the couplings without varying the distance between the waveguides. The resultant lattice
(f) contains a single waveguide in the unit cell.
Theoretical model – An array of waveguides with two
degenerate modes Fig. 1(f) can be described by the fol-
lowing set of coupled mode equations (Supplementary
Materials, Sec. I):
−i d
dz
(
un
vn
)
= κˆn,n−1
(
un−1
vn−1
)
+κˆn,n+1
(
un+1
vn+1
)
, (1)
where z axis corresponds to the propagation direction, un
and vn denote the amplitudes of the modes supported by
nth waveguide which are assumed to be weakly depen-
dent on z, and κˆn,n±1 are the matrices describing the
coupling between the modes of the neighboring waveg-
uides. Based on the symmetry of mode profiles, coupling
matrices have the following general structure (see Sup-
plementary Materials, Sec. III for details):
κˆn,n±1 =
(
κ ±i∆
±i∆ −γ
)
, (2)
where the equality κ(12)n,n±1 = κ
(21)
n,n±1 is ensured by the
appropriate relative normalization of the modes un and
vn.
In the case of a periodic array of waveguides, Bloch
theorem yields that (un, vn) = e
ikn (u, v), where k is the
Bloch wave number in the direction of periodicity x, while
z dependence of the amplitudes is captured by the factor
eiδkzz. Here, δkz is the difference between the propaga-
tion constants of the array eigenmode and the eigenmode
of an isolated waveguide. With these assumptions, we
derive an eigenvalue equation of the form:
δkz
(
u
v
)
= Hˆ(k)
(
u
v
)
, (3)
where Bloch Hamiltonian Hˆ(k) is given by
Hˆ(k) =
(
2κ cos k −2∆ sin k
−2∆ sin k −2γ cos k
)
, (4)
and the associated spectrum reads:
δk(±)z = (κ − γ) cos k ±
√
(κ + γ)2 cos2 k + 4∆2 sin2 k ,
(5)
where Bloch wave number k ranges from −pi to pi. For κ
and γ of different signs the bandgap common for all wave
numbers k does not exist either because of δk
(+)
z (0) <
δk
(−)
z (pi) or δk
(+)
z (pi) < δk
(−)
z (0).
To investigate the topological properties of our sys-
tem for κ and γ of the same sign, we first consider the
special case κ = γ. In this situation, the spectrum
Eq. (5) appears to be symmetric with respect to zero
energy and Bloch Hamiltonian Eq. (4) possesses chiral
symmetry. As a result of that, the Hamiltonian can be
converted to the off-diagonal form via unitary transfor-
3mation Pˆ = (Iˆ + i σx)/
√
2:
Hˆ ′(k) ≡ Pˆ Hˆ(k) Pˆ−1
=
(
0 −2iκ cos k − 2∆ sin k
2iκ cos k − 2∆ sin k 0
)
.
(6)
Straightforward evaluation of winding number yields
W = 1 indicating topological nature of energy bands.
In the general case κ 6= γ, the argument above is no
longer valid and chiral symmetry is seemingly broken.
To overcome this difficulty and define the topological in-
variant, we consider an extended unit cell including two
waveguides. Since each of the waveguides supports two
modes, Bloch Hamiltonian becomes 4× 4:
Hˆext(k) =
(
0 hˆ(k)
hˆ†(k) 0
)
, (7)
where single 2× 2 block is given by
hˆ =
(
κ (e−ik + 1) −i∆ (e−ik − 1)
−i∆ (e−ik − 1) −γ (e−ik + 1)
)
(8)
and k varies again from −pi to pi. As a result of period
doubling, two original dispersion curves fold into four
bands. In folded bands representation, chiral symme-
try of Bloch Hamiltonian is recovered. This allows us to
evaluate the winding number using the standard proce-
dure [25], which yields that the system is topological with
W = 1 for any κ and γ of the same sign, provided ∆ 6= 0.
Note that the similar conclusion can be obtained by the
direct calculation of the Zak phase, without using an ex-
tended unit cell (Supplementary Materials, Sec. IV).
To provide further insights into the topological proper-
ties of the proposed system, we demonstrate now that in
the limit κ = γ the physics of equidistant array of two-
mode waveguides is captured by the Su-Schrieffer-Heeger
model. To this end, we perform a unitary transformation
with the matrix
Uˆ =
1√
2

1 i 0 0
0 0 1 −i
1 −i 0 0
0 0 1 i
 , (9)
which brings the Hamiltonian to the block-diagonal form
Hˆblock =
(
Hˆ+(k) 0
0 Hˆ−(k)
)
, (10)
where each of the 2× 2 blocks is given by
Hˆ± =
(
0 ∓∆ + κ + (±∆ + κ) e−ik
∓∆ + κ + (±∆ + κ) eik 0
)
.
(11)
Such structure of the blocks corresponds to the Bloch
Hamiltonian of the Su-Schrieffer-Heeger model (SSH)
with coupling constants J1 = κ − ∆ and J2 = κ + ∆,
J1 being an intracell coupling for Hˆ+ block and inter-cell
coupling for Hˆ− block. Hence, our system of two-mode
waveguides with κ = γ can be presented as two uncou-
pled SSH arrays with the different dimerizations. Since
SSH model supports an edge state only at the weak link
edge, our system should support localized states at both
edges simultaneously regardless of the number of waveg-
uides comprising the array.
Numerical simulations – To confirm our theoretical
predictions, we propose a realistic design of waveguide
array operating at telecom frequencies. We perform
full-wave numerical simulations of the proposed system
[Fig. 1(f)] assuming that the periodic waveguides with
subwavelength period are made of crystalline silicon with
refractive index n = 3.5 deposited on the glass substrate
with n = 1.45. Other parameters of the system are cho-
sen in such a way that the degeneracy of HE11 and TE01
modes of a single waveguide is achieved at frequency
ν ≈ 193.1 THz, which corresponds to vacuum wavelength
around 1.55µm. Note also that the two waveguide modes
HE11 and TE01 have different behavior with respect to
reflection in yz plane [26] which is necessary to realize
the pattern of alternating couplings via constructive and
destructive mode interference.
First, we examine the modes of an infinite array of
identical waveguides at fixed frequency. Since in the
propagating geometry kz plays the role analogous to en-
ergy in the Schro¨dinger equation, it is instructive to plot
the dependence kz(kx), where kx is Bloch wave num-
ber characterizing phase advance between the neighbor-
ing waveguides (note that k in the theoretical model
corresponds to kxax, where ax is the distance between
the adjacent waveguides). Figure 2(a) suggests that the
interaction between the adjacent waveguides gives rise
to the two distinct bands separated by the complete
bandgap. Note, however, that the calculated dispersion is
different from that expected for the SSH model, because
κ 6= γ in this design. More precisely, κ = 0.0265/az,
γ = 0.0118/az, ∆ = 0.0263/az, where az is the period
of the waveguide along z axis, i.e. κ and γ coupling
constants differ approximately by 2 times.
Switching to the finite array of 11 waveguides, we
observe two modes with the propagation constants kz
within the bandgap of the periodic structure which can
be identified as edge-localized states. Interestingly, these
in-gap states are quite stable against the change of ex-
citation frequency [Fig. 2(b)] perfectly overlapping with
each other in the range from 190 to 196 THz and existing
inside the bandgap even in a broader range 185−200 THz.
Examining the field distribution of the edge-localized
modes, we observe that they localize at both edges of the
array since there is no physical distinction between the
two edges. This conclusion perfectly agrees with our the-
oretical model, since the waveguide array can be viewed
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FIG. 2. (a) Dispersion of the modes kz(kx) in the infinite array of periodic waveguides with the periods ax = 830 nm and
az = 285 nm along x and z directions, respectively. The constituent nanoparticles have the shape of rectangular parallelepiped
with the dimensions dx = 600 nm, dy = 660 nm and dz = 165 nm. The results are calculated for a fixed frequency ν = 193.1 THz
using CST Microwave Studio software package. Shaded grey areas show the allowed bands. (b) Propagation constants of the
modes supported by the array of 11 waveguides periodic in z direction versus excitation frequency ν. Bulk modes are shown
by solid grey lines, edge modes – by dashed red and solid green curves. Vertical dashed line indicates frequency chosen for the
calculations in panels (a) and (c). (c) Electric field intensity for the edge mode. Five unit cells along z direction are shown.
White rectangles indicate the constituent nanoparticles of periodic waveguides. Both edge modes feature almost identical
intensity distributions but differ in phase (see Supplementary Materials, Sec. V).
as two uncoupled SSH models with the different dimeriza-
tions hosting the localized states on the opposite edges.
Due to symmetry, edge eigenmodes are either symmet-
ric or antisymmetric with respect to reflection relative to
the array center and have similar field distributions de-
picted in Fig. 2(c). As further elaborated in Supplemen-
tary Materials, Sec. V, the splitting between these modes
δν = ∆ν/ν depends on frequency and parity of the num-
ber N of the waveguides and for 11 waveguides it is of
the order of 10−5. Since the splitting is caused by the
overlap of the two edge-localized evanescent field tails,
it decays exponentially with N . This means that if the
mode is locally excited at one of the edges, it will remain
localized at the same edge at propagation distances up to
z ≈ vg2pi∆ν , where vg is a group velocity of the waveguide
mode, and this distance can be made large enough by
increasing N .
Another important feature of the considered system
is that the wave propagating along either edge is spin-
polarized in the sense that its field distribution is char-
acterized by the non-zero transverse y component of the
total spin. Although even and odd edge modes have nec-
essarily zero total y component of the spin, their linear
combinations localized at a single edge do exhibit a pref-
erential direction of polarization rotation. To capture
this property, we calculate the total spin of the super-
position of two eigenmodes an =
1√
2
(un + vn) using the
following formula [27]:
S =
∫
unit cell
1
4
Im [ε0ε(r)E×E∗ + µ0H×H∗] dV, (12)
where electric and magnetic fields E and H of the mode
are normalized in such a way, that the total energy of
the mode an in a single unit cell is equal to ~ω. The
obtained value Sx ≈ 0.13 indicates that fields at the left
(right) edge exhibit on average elliptical polarization and
rotate preferentially counterclockwise (clockwise). Thus,
they can asymmetrically couple to the circularly polar-
ized dipole sources placed near the edge waveguide.
Conclusions – In conclusion, we have demonstrated
that topological states can be tailored not only through
5the lattice design, but also by engineering the modes of a
single waveguide. As we have proved, exploiting the in-
terference of the two sets of modes, one can realize topo-
logical states even in the simplest lattice geometries, and
our simulations show the feasibility of this route.
We envision that the developed approach will be ben-
eficial for tunable and nonlinear topological structures,
since it enables tuning of topological states by modify-
ing on-site properties. Thus, our proposal enriches the
toolkit to design the topological structures opening fur-
ther avenues to tune and reconfigure them.
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I. COUPLED MODE THEORY FOR TWO-MODE WAVEGUIDES
We consider an array that consists of waveguides supporting two nearly degenerate modes in the frequency range
of interest. The modes of nth waveguide with permittivity distribution εn(r) satisfy Maxwell’s equations
rotE(1)n = i qH
(1)
n , rotE
(2)
n = i qH
(2)
n , (S1)
rotH(1)n = −i q εn(r)E(1)n , rotH(2)n = −i q εn(r)E(2)n , (S2)
where CGS system of units and e−iω t time convention are used, q = ω/c and superscript indices 1 and 2 label the
two modes of the same waveguide. The modes of waveguide array in turn are found from the equations
rotE = i qH , rotH = −i q ε(r)E , (S3)
where ε(r) is the permittivity distribution in the entire array consisting of waveguides arranged in uniform background
medium with permittivity εb, i.e. ε(r) = εb +
∑
n [εn(r)− εb]. We search the modes of waveguide array in the form(
E
H
)
=
∑
n
a(1)n (z)
(
E
(1)
n
H
(1)
n
)
+
∑
n
a(2)n (z)
(
E
(2)
n
H
(2)
n
)
, (S4)
where a
(1,2)
n (z) are the amplitudes of the modes in coupled waveguides which depend on z coordinate along the
waveguide axis. Combining Eqs. (S3), (S4) and taking into account Eqs. (S1), (S2), we derive the following relations
for the amplitudes a
(1,2)
n (z):
∑
n
{
da
(1)
n
dz
[
zˆ×E(1)n
]
+
da
(2)
n
dz
[
zˆ×E(2)n
]}
= 0 , (S5)
∑
n
{
da
(1)
n
dz
[
zˆ×H(1)n
]
+
da
(2)
n
dz
[
zˆ×H(2)n
]}
= −iq
∑
n
[ε(r)− εn(r)]
[
a(1)n E
(1)
n + a
(2)
n E
(2)
n
]
, (S6)
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2where zˆ is a unit vector along the waveguide axis. Next we take scalar products of Eq. (S5) by H
(1,2)∗
m and Eq. (S6)
by E
(1,2)∗
m . Substracting these two equations from each other and integrating over the volume of the unit cell, we get
∑
n
da
(1)
n
dz
zˆ ·
∫ ([
E(1)n ×H(1)∗m
]
+
[
E(1)∗m ×H(1)n
])
dV
+
∑
n
da
(2)
n
dz
zˆ ·
∫ ([
E(2)n ×H(1)∗m
]
+
[
E(1)∗m ×H(2)n
])
dV
= iq
∑
n
a(1)n
∫
[ε(r)− εn(r)] E(1)∗m ·E(1)n dV + iq
∑
n
a(2)n
∫
[ε(r)− εn(r)] E(1)∗m ·E(2)n dV (S7)
∑
n
da
(1)
n
dz
zˆ ·
∫ ([
E(1)n ×H(2)∗m
]
+
[
E(2)∗m ×H(1)n
])
dV
+
∑
n
da
(2)
n
dz
zˆ ·
∫ ([
E(2)n ×H(2)∗m
]
+
[
E(2)∗m ×H(2)n
])
dV
= iq
∑
n
a(1)n
∫
[ε(r)− εn(r)] E(2)∗m ·E(1)n dV + iq
∑
n
a(2)n
∫
[ε(r)− εn(r)] E(2)∗m ·E(2)n dV , (S8)
where m is an arbitrary integer. Note that the terms with da
(2)
m /dz in Eq. (S7) and with da
(1)
m /dz in Eq. (S8) vanish
due to the ortogonality of the modes of a single waveguide (see Sec. II for details). Since the fields of waveguide modes
decay exponentially outside of the waveguide, Eqs. (S7), (S8) can be further truncated to yield
d
dz
(
a
(1)
m
a
(2)
m
)
= i
∑
l=±1
(
κ(11)m,m+l κ
(12)
m,m+l
κ(21)m,m+l κ
(22)
m,m+l
) (
a
(1)
m+l
a
(2)
m+l
)
. (S9)
The elements of the coupling matrix are defined as
κ(pq)n,n+l =
q
P(p)
∫
[ε(r)− εn+l(r)] E(p)∗n ·E(q)n+l dV , (S10)
where P(p)n = zˆ ·
∫ [
E
(p)∗
n ×H(p)n +E(p)n ×H(p)∗n
]
dV is proportional to the power carried by the respective waveguide
mode and can be set to unity by the proper normalization of the mode field; p, q indices are equal to 1 or 2, l = ±1.
As a consequence of Eq. (S10), the coupling strength κn,n±1 is mostly determined by the overlap of the fields of the
two modes inside nth waveguide.
Note also that the magnitude of the off-diagonal terms in the coupling matrix is affected by the relative normalization
of the modes. Assume that κ(pq)nm = κ1 and κ(qp)nm = κ2. We redefine the field of the mode as E(p) = c E˜(p). The
coupling constants will also be redefined as follows:
κ˜(pq) = κ1/c ,
κ˜(qp) = κ2 c .
(S11)
Hence, by choosing c = ±√κ1/κ2, we can ensure that the coupling matrix for each pair of neighboring waveguides is
symmetric, which is used in the main text.
II. ORTHOGONALITY RELATION FOR TWO MODES OF A WAVEGUIDE
For the sake of completeness, in this Section we provide a proof that the two modes
(
E(1),H(1)
)
and
(
E(2),H(2)
)
of a given lossless waveguide having different propagation constants satisfy the following orthogonality relation [1]:
zˆ ·
∫ [
E(1)∗ ×H(2) +E(2) ×H(1)∗
]
dV = 0 , (S12)
3where the integration is carried on over the unit cell of the periodic waveguide. To show this, we start from the
quantity
I =
∫
∇ ·
[
E(1)∗ ×H(2) +E(2) ×H(1)∗
]
dV =
∫ (
H(2) · rotE(1)∗ −E(1)∗ · rotH(2) +H(1)∗ · rotE(2) −E(2) · rotH(1)∗
)
dV
Eq. (S1),(S2)
= iq
∫ (
−H(2) ·H(1)∗ + ε(r)E(1)∗ ·E(2) +H(1)∗ ·H(2) − ε∗(r)E(2) ·E(1)∗
)
dV = 0 ,
(S13)
since ε(r) is purely real in the lossless case. Next we present the fields of eigenmodes in the form
E(1,2)(r) = E˜(1,2)(r) eiβ1,2 z , H(1,2)(r) = H˜(1,2)(r) eiβ1,2 z , (S14)
which yields for the integral I
I =
∫
∇ ·
[(
E˜(1)∗ × H˜(2) + E˜(2) × H˜(1)∗
)
ei(β2−β1) z
]
dV
= ei(β2−β1) z
[∫
∇ ·
(
E˜(1)∗ × H˜(2) + E˜(2) × H˜(1)∗
)
dV + i (β2 − β1) zˆ ·
∫ (
E(1)∗ ×H(2) +E(2) ×H(1)∗
)
dV
]
=
= ei(β2−β1) z
∫ (
E˜(1)∗ × H˜(2) + E˜(2) × H˜(1)∗
)
· n dS + i (β2 − β1) zˆ ·
∫ (
E(1)∗ ×H(2) +E(2) ×H(1)∗
)
dV .
(S15)
The surface integral in the last expression vanishes due to the periodicity of the fields in z direction and rapid decay
in transverse directions. On the other hand, from (S13) I = 0. Thus, we recover the identity Eq. (S12). Clearly,
Eq. (S12) is still valid for the two modes with very close values of propagation constants.
III. STRUCTURE OF THE COUPLING MATRICES
In this Section, we argue that the coupling matrices for two-mode waveguides under study indeed have the structure
Eq. (2) of the article main text. We adopt a semi-qualitative approach assuming in accordance with Eq. (S10) that
the coupling is governed by the scalar product of electric fields of the modes inside the respective waveguide. As
further detailed in Sec. V, the dominant component of electric field is Ey for both modes, where the spatial profile of
Ey is sketched in Fig. S1 by solid curves.
Therefore, taking into account that κ(pq)12 ∝ E(p)∗1y E(q)2y , we recover the following structure of the coupling matrix:
κˆ12 =
(
κ i∆
i∆ −γ
)
, (S16)
where the precise values of real positive parameters κ, γ and ∆ are either extracted from numerical simulations of
the field distribution, or from fitting the numerical data on the dispersion of the array modes. At the same time,
κ(pq)21 ∝ E(p)∗2y E(q)1y , i.e. matrix κˆ21 is obtained by the Hermitian conjugation of the coupling matrix κˆ12:
κˆ21 =
(
κ −i∆
−i∆ −γ
)
(S17)
Using full-wave numerical simulations in CST Microwave Studio software package, we evaluate the parameters of
the coupling matrices corresponding to the simulations Fig. 2 of the article main text as follows: κ = 0.0265/az,
γ = 0.0118/az, ∆ = 0.0263/az, where az is the period of the waveguide.
IV. ZAK PHASE CALCULATION
Topological properties of the designed array of two-mode waveguides were examined in the main text using an
extended unit cell for winding number calculation. Here we provide more direct though less intuitive derivation based
on the direct calculation of the Zak phase.
4Periodic part of the wave function corresponding to the lowest band of the Bloch Hamiltonian Eq. (4) of the article
main text is determined from the equations(
(κ + γ) cos k + r −2∆ sin k
−2∆ sin k −(κ + γ) cos k + r
) (
u
v
)
= 0 , (S18)
where r =
√
(κ + γ)2 cos2 k + 4∆2 sin2 k. Accordingly,
u = 2N ∆ sin k ,
v = N [(κ + γ) cos k + r] ,
N = [2r (r + (κ + γ) cos k)]−1/2 .
(S19)
Note that with these conventions both u and v are purely real. Furthermore, v is positive for all k, while u changes
its sign. In the limiting case k → 0 (u, v)→ (0, 1), and if k → pi (u, v)→ (1, 0).
The Zak phase is defined as
γ = i
2pi∫
0
(u∗, v∗)
(
∂u/∂k
∂v/∂k
)
dk . (S20)
Next we present u = |u| eiα. Taking into account the normalization condition |u|2 + v2 = 1, we obtain
γ = −
2pi∫
0
|u|2 ∂α
∂k
dk . (S21)
The phase of u changes from pi to 0 at k = 0 and changes from 0 to pi at k = pi, similar singularities are also observed
at other points with k = npi. Therefore,
∂α
∂k
= −pi
∑
n
δ(k − 2npi) + pi
∑
n
δ(k − (2n+ 1)pi) . (S22)
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FIG. S1. Mode coupling in the array of waveguides supporting a pair of degenerate modes. Curves illustrate the magnitude of
electric field Ey component, numbers near each curve indicate the phase of the field for the respective mode.
5Since u(2npi)→ 0, the only point which gives the contribution to the integral Eq. (S21) is k = pi. Thus, we finally get
γ = −pi which indicates that the studied photonic band is topologically nontrivial in agreement with the reasoning in
the main text.
V. DETAILED ANALYSIS OF THE EDGE MODES IN NUMERICAL SIMULATIONS
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FIG. S2. Typical dependencies of the components Ey, Hx and Hz of the edge mode field on x coordinate along x axis: (a)
squared amplitudes, (b) phase profiles for one of the edge modes. Magnetic field is symmetric with respect to the reflection in
x = 6 plane.
In this Section, we present the detailed analysis of the edge eigenmodes in the considered system. Figure S2 shows
a typical distribution of amplitudes and phases for the dominant Ey, Hx and Hz components of electromagnetic field
for one of the quasi-degenerate edge modes along the x axis (y = z = 0). Magnetic field of the considered mode
is symmetric relative to the reflection in x = 6 plane. Since the phase difference between Hz and Hx is equal to
+pi/2 (−pi/2) inside the right (left) edge waveguide, magnetic field rotates around y axis predominantly clockwise
(counterclockwise) [2]. This type of polarization is preserved for the arbitrary number of waveguides in the array.
Polarization state of the edge modes can be understood as follows. If the array is semi-infinite, it supports a single
edge mode with the polarization handedness that depends on whether the edge waveguide is utmost left or utmost
right one with respect to the propagation direction (positive direction of z axis). In the case of a finite array, there are
two edge modes. If the number of waveguides is even, polarization of the fields at both edges is the same, and therefore
two edge-localized field distributions interact with each other via their evanescent tails. As a consequence, there is
an avoided crossing between symmetric and antisymmetric modes for any finite N [Fig. S3(a)]. On the contrary, if
the number of waveguides is odd, polarizations of the fields at both edges are different. Therefore, if the modes of a
single waveguide are degenerate, the edge modes will be degenerate too, as illustrated in Fig. S3(a).
The frequency splitting between even and odd edge modes, however, can be neglected when the number of waveg-
uides is large enough. This is illustrated by Fig. S3(b) showing the detuning δν = 2 (νedge1 − νedge2)/(νedge1 + νedge2)
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FIG. S3. (a) Normalized eigenfrequency detuning δν = (νedge1 − νedge2)/[(νedge1 + νedge2)/2] between two edge modes as a
function of the propagation constant kz for N = 10 (solid black curve) and N = 11 (dashed blue curve) waveguides in the
array. In the case of odd number of waveguides an accidental degeneracy is possible, whereas for the even number of waveguides
avoided crossing is observed. (b) Dependence of log δν on the number of waveguides for a fixed kz marked with horizontal grey
line in panel (a). Exponential decrease is observed.
calculated for a fixed value of kz as a function of the number of the waveguides N .
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